Abstract: Two new concepts of zeta functions for schemes over the field of one element are proposed. A localization formula and an explicit formula in the affine case are given. This allows for a computation for every scheme.
Introduction. In [2] , the first named author has introduced a zeta function for F 1 -schemes generalizing an idea of Soulé's in [10] . Basically, this zeta function only detects free ranks of the involved groups, so it is insensitive to torsion. In the present paper we will introduce two new kinds of zeta functions for F 1 -schemes which are sensitive to torsion, yet still preserve the information on the ranks. The first new zeta function is of Weil type, where the finite fields are replaced by the basic finite monoids. The second is of Igusa type, as inspired by [7] .
1. Soulé zeta function. Soulé [10] , inspired by Manin [9] , gave a definition of zeta functions over the field of one element F 1 . See also [8] . We describe the definition as follows: Let X be a scheme of finite type over Z. For a prime number p one sets after Weil,
where F p n denotes the field of p n elements. This is the local zeta function over p, and the global zeta function of X is given as 
Based on ideas of [6] , in the paper [1] there is given a definition of a scheme over F 1 as well as an ascent functor Á Z from F 1 -schemes to Z-schemes. For the convenience of the reader, we will briefly recall the definition. Recall a monoid is a set A with an associative composition and a unit element 1 2 A, i.e., one has 1a ¼ a1 ¼ a for every a 2 A. In this paper, all monoids will be commutative.
An ideal in the monoid A is a subset a & A with 
On the topological space Spec A one has a canonical sheaf O A of monoids with stalks being the localizations of A, so O A;p ¼ A p for every p 2 Spec A. A scheme over F 1 is a topological space X together with a sheaf O X of monoids such that ðX; O X Þ is locally isomorphic to ðSpec A; O A Þ for monoids A.
Let X be an F 1 -scheme of finite type. Note that this implies that X has finitely many points and that O Â X;p is a finitely generated group for every p 2 X.
An affine F 1 -scheme is given by a commutative monoid and its lift to Z is given by the corresponding monoidal ring. This procedure extends to general schemes as it respects gluing. We say that a Z-scheme is defined over F 1 , if it comes by ascent from a scheme over F 1 . The natural question arising is whether schemes defined over F 1 satisfy Soulé's condition.
Simple examples show that this is not the case. However, schemes defined over F 1 satisfy a slightly weaker condition which serves the purpose of defining F 1 -zeta functions as well, and which we give in the following theorem, proven in [2] . Theorem 1.1 (See [2] ). Let X be a Zscheme of finite type defined over F 1 . Then there exists a natural number e and a polynomial NðxÞ with integer coefficients such that for every prime power q one has ðq À 1; eÞ ¼ 1 ) #XðF q Þ ¼ NðqÞ:
This condition determines the polynomial N uniquely (independent of the choice of e). We call it the zeta-polynomial of X.
Using this polynomial NðxÞ, one defines the Soulé zeta function as above. In the case when m is equal to q À 1 for a prime power q, the monoid F m can be identified with the multiplicative monoid of the finite field F q . In that case there is a natural bijection
where X Z denotes the Z-ascent of X.
In the case when X is affine, i.e., X ¼ Spec A for some monoid A, we will also write W ðT ; AÞ instead of W ðT ; Spec AÞ. By Lemma 1.3, the zeta function W satisfies the same decomposition formula as the Soulé zeta function,
We will now compute W ðT ; AÞ for a finitely generated abelian group A. Any such group is isomorphic to Z r Â C n 1 Â Á Á Á Â C n k for some r ! 0 and n 1 ; . . . ; n k 2 N. Here C n denotes the cyclic No. 8] Absolute zetagroup of n elements. Since for coprime numbers n; n 0 one has C nn 0 ¼ $ C n Â C n 0 , one can arrange the cyclic groups in a way that n j divides n jþ1 for every j ¼ 1; . . . ; k À 1. Assuming this, we can prove Proposition 2.1.
where we have used the following notation. The products run over all tuples
, and so on until d k j
. These conditions are summarized in the notation
where ' is the Euler '-function. We denote by g r ðT Þ 2 Z½T the Euler polynomials which are defined recursively by
where ðm; nÞ denotes the greatest common divisor of m and n. Using the property of the '-function, P djn 'ðdÞ ¼ n, we infer that the logarithm of W ðT ; AÞ equals
The sum over is now of the same form as the first sum. So we can iterate the argument to reach
The argument is finished with the following lemma which yields
where g r ðT Þ 2 Z½T is defined by (1) . Proof. Put
we compute and substitute it to (2), we find that f r ðT Þ is a polynomial in T with f r ðT Þ ¼ g r ðT Þ, because f r ðT Þ also satisfies (1) . Ã Proposition 3.3. The Igusa zeta functions of the affine line, the projective line, and GL n are . I ðs; A 1 Þ ¼ ðsÞ þ ðs À 1Þ, .
I ðs; P 1 Þ ¼ 2ðsÞ þ ðs À 1Þ, .
I ðs; GL n Þ ¼ n!ðs À nÞ. Proof. This follows from the localization formula and the known structure of A 1 ; P 1 ; GL n . Ã
